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We present here a concise summary of an exact solution for transverse deformations of a
uniformly loaded Mindlin plate with three edges simply supported and the fourth edge free. The
solution is then rearranged into a form suitable for accurate numerical evaluation.

The relevant physical parameters are W (transverse displacement), ¥y, \Py (rotations of
original normals to middle surface), X (in-plane coordinate paralel to the free edge), Y (other in-
plane coordinate), q (transverse load), b (Iength of the two parallel SS edges), a (other in-plane

plate dimension), v (Poisson’ sratio), E (Young' s modulus), h (plate thickness), ks (shear
deformation constant).

Dimensionless variables are defined as follows;
x=Xla , y=Y/a , B=bla ,

W:V\/D/qa4 , wxz(D/qa3)‘PX , l;/y:(D/qa?’)‘I’y
D =Eh3/[12(1-v?)] , €?=h?/[6a%kZ(1-V)]

In dimensionless variables, the PDE’ s to be solved are

1-v 1+v
32[TVZ‘I’X +T(‘/’x,xx +‘//y,xy):|_‘//x -wy =0,

1-v 1+v
e 5V + T Wy Vi) |y w0y =0 &
V2w+1//x'x+wy'y=—£2 -1/2<x<1/2 , O<y<p
where
V2:£+i
X%  9y?

and subscript commas denote partial differentiation. A general solution can be written in the
form



W(X, y) = 82 ! +£ 24 L x4 +Zw (y) coso, X
384 8 (16 2 247 & o
x3

Uy(X,y) = g‘?"‘ Z‘Vxn(y)sman , 2
n=1

Wy (X Y) = D W yn(Y)cosonx
n=1

where o, = (2n—-1Dr . Inthesolution (2), the polynomial terms by themselves satisfy (1), so

the other terms—the trigonometric sums—must satisfy the homogeneous form of (1), i.e., where
the RHS of (1)3 is set to zero.

The boundary conditions are as follows:
W(£1/2,y) = My (£1/2,y) =y (+1/2,y)=0 , O<y<p
W(X,0) = My (X,0) =y, (x0)=0 , -1/2<x<l/2 , 3
My (%) = My (X, B) =Qy(x,f) =0 , ~1/2<x<1/2
where
Mk =Wxx+VWyy » My =yyy+vy i

1-v
Myy =T(Wx,y+‘//y,x) , Qy :82(‘l/y+W,y)

The solution (2) exactly satisfies the x-boundary conditions (3);. The remaining work
involves finding the forms of the y-dependent factors in the sumsin (2) such that the PDE’'s (1)
and y-boundary conditions (3), and (3)3 are satisfied.

Without going into detail, the y-dependent factors in the sums can be shown to take the
forms

w,(y) = a, cosha,y +b,ycosho,y +c,sinha,y+d,ysinha,y
Wyn(Y) = —ano, sinha,y — by [(1+ 26 “0rf) coshar, y + e ysinhar, V]

— ¢ty coshar, Y — dy [(1+ 22 202) sinhar, y + oy y coshory,

—e o, Sinhoyy + frho, coshogy 4
Vi (Y) = a0, cosho, y + by, (2620 smhocny+ocnycoshocny)

+Cha, Sinho, Y + dn(Ze ocn cosha,y+ o, ysinhoy,y)
+e,0 coshany— fhonsinhoyy

where




and where (a, ,b,,c,,d,, &, , f,) are constants to be determined by the y-boundary
conditions.
To deal with the y-boundary conditions we must first expand each x-polynomial in (2) in

a Fourier serieson the interval (-1/2,1/2) so they can be combined termwise with the
trigonometric sums. To thisend we write

D onCOSCX , P even

xP = =1 , —1/2<x<1/2
D ronsinopx , p odd
Ln=1

By standard means we find

B 4(_1)n+1 . 4(_1)n+1 . B (_1)n+1 [1_i] |

f T ) -
on o, 1n OCE 2n o al’% (5)

B 3(_1)n+1 1_i B (_1)n+1 1_2 %
f3n = 5 5| Tan= >t | -

On On o |4 oy oy
So from Egs. (2) and (5) we can write
W(X,y) = Z[gn + Wy (Y)]coso,x
n=1
V(X y) = Z[hn +Yyn(Y)lsinapx (6)
n=1

Wy x(XY)= Z[ Jntoyyn(y)cosonx

n=1
provided
g—i+£ - 1+2 +—r
N"l384 8 [ |16 2 2" 244"
1 1
hy==Mn—="3n
n 81n 63n
11

Now we are in position to deal with the BC's (3), at y = 0. Using (2), (4) and (6), and
setting each term of the trigonometric sum to zero, we find the following three equations for
each n:



gn + a'n = o )
Vin — (1-v)aian — 2001+ (1-v)e o5 1dn — (1-v)ornonen =0 (7)
hy +anan +2e%02d, +ape, =0 .

Theunknowns hereare a, , dy, , and €,. The equations can be solved either numerically or
symbolically.

Equations for the other three sets of constants come fromthe BC's(3)z;aty=f. By
againusing (2), (4), and (6), we find the following three equations for each n:

Vip —a,(1-v)a2 coshar, B — ¢, (1-v)o sinhor, B
+b{-2[1+ (1-v)e202 e, sinho, B — (1-v)e2 B coshay, B}
+dp{-2[1+ (1-v)e202 ], coshey, B — (1-v)or2 B sinhey, B}
—e,anon(1-v)coshay, B + fronon(1-v)sinha, =0
a o2 sinhoy, B + co2 coshey, B
+by[e, (26202 +1) cosher, B + o2 B sinher,, B]
+dp [0, (26 %02 +1) sinhar, B + o2 B cosh ey, B]
+eq [ +1/e2(1-v)]sinhoy, B — fo [ +1/e2(1-v)]coshay,f =0
— 2b,e2a? coshar, B — 2d,e%02 sinhary, B
-0, sinhay, B + o, coshay,f =0 .

(8)

After having solved Egs. (7), the unknownsin (8) are b, , ¢,, and f,. Once Egs. (8) are solved
the problem is solved, as expression (2) and (4) can be evaluated completely.

By using the symbolic manipulation facilities of Mathematica we have found the

following expressions for the constants in the expression for the transverse displacement:
a=4(-)"(1+e20) |, d=-2(-1)"a™*
n -4 ,-1 n -1_-5,-1 (9)
b=—-4(-)"Npa "A~ , c=-4(-1) "'N.A-v) a A,

where the subscript non a, b, ¢, d, and o has been omitted, and where

N, = [3-v + (3+V)C](C-1)C’ - 2(1-v)ae e 2SCS + 2(1-v)a 2 >S?C
Ng = —2[3-v +(3—2v —v?)C](C -1)C’ + 2(1-v)a BvSC’ + 2(1-v)e *a’'SCS ]
+(1-v)a[(1-v)B2C - 2(5-v)e?S°C - 2(1-v)e % 'S (10)
+4(1-v) 203 e*SCS - 4(1-v)?ates?C |
A =—-2(3+Vv)SCC’ - 2(1-v)a BC’ - 2£20/C?S| - 4(1-v)ar’e’SCC’
with the shorthand
S=sinhof , C=coshef S =sinha’f , C'=coshaf .



The arguments of the hyperbolic functions will grow linearly withn. Thiswill cause
problems when we numerically eval uate the displacements, so we will rewrite the solution to

avoid large arguments. When we expand the hyperbolics as exponentials, we see that each of the

three quantities defined in (10) is dominated by the factor €8 /8 sowe write

~ e(20:+oc’) B

(2a+a’)
Ny = _ el
8

8

. e(2a+a’)[3 .
N, . N¢ N¢ :TA

where

N, = [2(3-V)VE + (3+V)(1+ E)|(1+ E-2JE)(1+ E')
—2(1-v)e’ao/1- E?)(1- E)) + 2(1-v)e %0’ (1- E)°(1+ E)

N: = —2[2(3-V)VE +(3-2v —v?)(1+ E)](1+ E- 2JE)(1+ E')
+2(1-v)e[2BvVE (1- E)(1+ E) + 2(1-v)e 20/ (1- E?)(1- E')]
+(1-v)a[4(1-v) B2E(l+ E) - 2(5-v)e2(1- E)?(1+ E)

—8(1-v)e?BaE(1- E)]
+4(1-v)2e%0 0’ (1- E?)1- E)) - 4(1-v)%e%a* (1- E)*(1+ E)

A =-2(3+V)(1- E?)1+E)) - 2(1-v)o 4BE(1+ E') — 2e %0/ (1+ E)*(1- E")]
—4(1-v)e%a?(1-E?)(1+ E)

and where

E=e?P | p=eP

Now from (4) we break the n™ term in the displacement sum into two parts:

Wi (V) = Waen (Y) + Woan (Y)

where

2 2 2 2

Now after extensive algebraic manipulations, Mathematica produces the following:

b+d _ 2(-1) [Nb+A_]

a+c a-c _ b+d b-d _
Wacn (Y) = eVr—e ¥ , Wbdn(Y)Z}{ e¥ + e“y).

2 oA 2
= 2(:11):] {~2JE(@1+ E)1-VE)[2v + B-V)VE + (3+V)E]
o

—4e20%(1-v)E(Q- E)1+ E)
— 4aB(1-v)E(Q+ E) + 4e’ac’(1-Vv)E(L+ E)1- E)}

(11)



b-d __ 2(_1):1 {2(1+ E)1-E)[3+V + (3-V)VE + 2VE]
2 oA

+4e%0%(1-v)(1- E)1+E')
+4aB(1-v)E(l+ E)) - 4200’ (1-v)(1+ E)1- E)}

o= a52((1__13:A* [ avVEL+y —aBa-vira+E)

+AE+ EN3+v2 +a’(1-v)[(5-V)e? + (1-v) 2] + 208(1-v)?
+203Be2(1-v)? + 20 %4 (1-v)?)

—8Eaa’e?(1- E)(1-v)*(L+af +a’e?)

— B 2[1+v + of(1-v)](1+ E)) - 4E2 1+ a%e %) 1-v){3+V
+2e%a(a+a’)1-v) + ET3+v +2£2a(o¢—a’)(1—v)]}]

a-c_ 2-n"

2 _055(1—v)A*

[4(1+ a?e2)1-v){3+Vv + 220 (a+ ) (1-v) + E[3+V + 2 2a(a — ) (1-V)]}

+vE{1+v —aB(1-v)} 1+ E)

—AEQ+EN3+v2 + o’ 1-v)[(5-v)e? + (1-v) 2] - 208 (1-V)?
—203Be?(1-v)? + 20 %4 (1-v)?}

—8Eaa’e?(1- E)(1-v)?(l-af +a%e?)

+ VB3 2[1+v + af(1-v)] (L+ E’)]



